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Identity theorem for pro-p-groups.
A.M. Mikhovich
Abstract The concept of schematization consists in replacing simplicial groups by
simplicial affine group schemes. In the case when the coefficient field has a zero
characteristic, there is a prominent theory of simplicial prounipotent groups, the
origins of which lead to the rational homotopy theory of D. Quillen. The specificity
of a prime finite field Fp is that the Zariski topology on the n-dimensional affine
space Fnp turns out to be discrete. Therefore, although finite p-groups are Fp-points
of Fp-unipotent affine group schemes, this observation is not actually used. Never-
theless, schematization reveals the profound properties of Fp-prounipotent groups,
especially in connection with prounipotent groups in the zero characteristic and in
the study of quasirationality. In this paper, using results on representations and coho-
mology of prounipotent groups in characteristic 0, we prove an analogue of Lyndon
Identity theorem for one-relator pro-p-groups (question posed by J.P. Serre) and
demonstrate the application to one more problem of J.-P. Serre concerning one-
relator pro-p-groups of cohomological dimension 2. Schematic approach makes
it possible to consider the problems of pro-p-groups theory through the prism of
Tannaka duality, concentrating on the category of representations. In particular we
attach special importance to the existence of identities in free pro-p-groups (“con-
jurings”).
1 Introduction
Part (1.1) of the introduction contains a brief review of a modern paradigm (as it
seen by the author) of the pro-p-group theory and an explanation of the importance
of one-relator pro-p-groups. In (1.2) we remind basic definitions of prounipotent
group theory, those we need in the sequel. Section (1.3) provides condensed in-
troduction to the results on quasirational presentations and their schematization.
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We also include the proof of quasirationality for presentations of one-relator pro-
p-groups. Section (1.4) will help to understand the motivations for our main result
(Theorem 1), elucidatingwhy one should consider it as an analog of Lyndon Identity
theorem.We explain the importance of Tannakian philosophy in (1.5) presenting the
construction of “conjurings”.
1.1 Pro-p-groups with a single defining relation
By a pro-p-group one calls a group isomorphic to a projective limit of finite p-
groups. This is a topological group (with the topology of projective limit) which is
compact and totally disconnected. For such groups one has a presentation theory
similar in many aspects to the combinatorial theory of discrete groups [9], [31].
Let us say that a pro-p-group G is defined by a finite type pro-p-presentation if
G is included into an exact sequence
1→ R→ F
pi
−→ G→ 1 (1)
in which F = F(X) is the free pro-p-group with a finite set X of generators, and R
is a closed normal subgroup topologically generated by a finite set Y of elements in
F , contained in the Frattini subgroup of F ([9], [31]).
If A is a (profinite) ring, then denote by AG the (completed) group algebra of
the (pro-p) groupG. By the completed group algebra we understand the topological
algebraAG= lim
←−
AGµ [31], where A= lim←−
Aα is a profinite ring (Aα are finite rings),
and G = lim
←−
Gµ is a decomposition of the pro-p-group G into a projective limit of
finite p-groups Gµ .
The interest to pro-p-groups in the recent years is related, first of all, to problems
which arose in a joint area of noncommutative geometry, topology, analysis, and
group theory. They play an important role in papers on the problems of Kadison–
Kaplansky [3], Atiyah [15], and Baum–Connes [33]. Let us mention the concept of
cohomological p-completeness and a program (following from these problems) of
studing pro-p-groupswhose discrete and continuous cohomologieswith coefficients
in Fp are isomorphic [2, Chapter 5],[6].
Complete group rings of pro-p-groups are complete Fp–Hopf algebras [30],
and pro-p-groups themselves are analogs of Malcev groups in positive character-
istics, hence the theory of presentations of pro-p-groups can be considered as two-
dimensional p-adic homotopy theory. By p-adic homotopy theory we mean the ana-
log of Quillen’s rational homotopy theory in positive characteristics. Despite the
papers published already (for instance, [20, 18]), such theory remains mostly con-
jectural, hence the potential of combinatorial pro-p-group theory is firstly in that
we can check rightness of new concepts in application to solving open problems (in
particular listed above).
The origins of cohomological and combinatorial theory of pro-p-groups lie in the
early papers of J.-P. Serre and J. Tate, and they took the modern form in the mono-
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graph [34]. Some important results in discrete group theory arose as analogs of
similar statements on pro-p- groups [16]. For example, the celebrated Stallings the-
orem, stating that a discrete group is free if and only if its cohomological dimension
equals one, arose from the analogy, proposed by J.-P. Serre, with the known result
from pro-p-group theory [34, Corollary 2, p. 30]. Nevertheless, after first bright suc-
cesses of the theory such as the Shafarevich theorem on existence of infinite tower
of class fields [34, I.4.4, Theorem 2] (proof uses the Golod–Shafarevich inequality
[34, I.4.4, Theorem 1]) and the Demushkin–Labute classification of Galois groups
of maximal p-extensions of p-adic fields in terms of generators and relations [34,
II.5.6], [35], it became clear that the study of pro-p-groups given combinatorially
sometimes leads to more complicated structures than in the case of similar discrete
presentations. Thus, the first nontrivial question of J.-P. Serre on the structure of
relation modules of pro-p-groups with one relation, stated at the Bourbaki seminar
1962/63 [35, 10.2], still waits for a final answer (we expect a counterexample).
Understanding pro-p-groups with one relation r ∈ R ⊆ F p[F,F ] plays an essen-
tial role. Actually, suppose Gr = F/(r)F be a pro-p-group with one relation (in the
notations (1)) without torsion but with cohomological dimension greater than two.
Then ∂ r∂xi
∈ ZpG, the images of the Fox partial derivatives
∂ r
∂xi
∈ ZpF with respect
to the homomorphism of completed group rings ZpF ։ ZpG induced by the ho-
momorphism pi from (1), are divisors of 0 in the completed group ring ZpG of the
torsion free pro-p-group. To see this, consider the Crowell–Lyndon sequence [12,
Theorem 2.2] of ZpG- modules takes the form
0→ pi2 → ZpG
ψ
−→ ZpG
|X | → IG→ 0,
where IG is the augmentation ideal in ZpG, and pi2 = kerψ . Here ψ is defined by
the rule
ψ(α) = (α
∂ r
∂x1
, ..,α
∂ r
∂xi
, ..), i= 1.. | X |= dimFpH
1(G,Fp).
By the Koch theorem [9, Proposition 7.7], cohomological dimension of a pro-p-
groupG equals 2 if and only if pi2 = 0. Hence the assumption cd(G)> 2 is equivalent
to the statement that for all i ∈ I, where | I |= dimFpH
1(G,Fp), the images of Fox
partial derivatives ∂ r∂xi
∈ ZpG are divisors of 0 of nontrivial elements in ZpG. We
must note that ZpG is not in general embedded into the group von Neumann algebra
N (G) and hence one needs additional arguments in favor of the statement that such
conjectural pro-p-groups are related to the problems listed above.
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1.2 Prounipotent groups
By an affine group scheme over a field k one calls a representable k-functor G from
the category Algk of commutative k-algebras with unit to the category of groups.
If G is representable by the algebra O(G), then as a functor G is given, for any
commutative k-algebra A, by the formula
G(A) = HomAlgk(O(G),A).
Of course, we assume that the considered homomorphisms HomAlgk take the unit
of the algebra O(G) to the unit of the k-algebra A. The algebra O(G) representing
the functor G is usually called the algebra of regular functions of G. The Yoneda
lemma implies the anti-equivalence of the categories of affine group schemes and
commutative Hopf algebras [39, 1.3]. Let us say that an affine group scheme G is
algebraic if its Hopf algebra of regular functions O(G) is finitely generated as the
commutative k-algebra.
Definition 1. By a unipotent group one calls an affine algebraic group scheme G
whose Hopf algebra of regular functions O(G) is conilpotent (or coconnected, for
equivalent definitions see [39, 8.3], [38, Proposition 16]). An affine group scheme
G= lim
←−
Gα , where Gα are affine algebraic group schemes over a field k, is called a
prounipotent group if each Gα is a unipotent group.
There is also the well known correspondence between unipotent groups over
a field k of characteristics 0 and nilpotent Lie algebras over k, which assigns to
a unipotent group its Lie algebra. This correspondence is easily extended to the
correspondence between prounipotent groups over k and pronilpotent Lie alge-
bras over k [30, Appendix A.3]. Functoriality of the correspondence enables one,
when it is convenient, to interpret problems on unipotent groups in the language
of Lie algebras. For example, the image of a closed subgroup under a homomor-
phism of prounipotent groups will be always a closed subgroup. The main theo-
rems on the structure of normal series, nontriviality of the center of a unipotent
group [11, VII,17] are transferred from the corresponding statements for Lie alge-
bras [36, Part 1, Chapter V, §3]. By the Quillen theorem [30, A.3, Theorem 3.3],
reconstruction of the algebra of regular functions O(G) of a prounipotent group G
from the group of k-points G(k) is made through the dual algebra by the formula
O(G)∗ ∼= k̂G(k), where O(G)∗ = Homk(O(G),k) and k̂G(k) is the group algebra
completed with respect to the augmentation ideal. Recall also that G(k)∼= G O(G)∗
[38, Proposition 18], where G is the functor of group-like elements in CHA. By
the Campbell–Hausdorff formula [36, Part 1, Chapter IV, §7], [30, A.1] we have
G(k) = expPO(G)∗,PO(G)∗ = logG O(G)∗, where P is the functor of primitive
elements.
Let A be a Hopf algebra over a field k of characteristics 0, in which: 1) the product
is commutative; 2) the coproduct is conilpotent. Then, as an algebra, A is isomorphic
to a free commutative algebra [4, Theorem 3.9.1]. Thus, A is the algebra of functions
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on an affine space, and we can use results from the theory of linear algebraic groups
in characteristics 0.
As in [10, 2], let us call by the Zariski closure of a subset S ⊆ G(k) the least
affine subgroup H in G such that S ⊆ H(k) is the projective limit lim
←−
Hα , where we
have denoted by Hα the closure of the image of S in Gα(k).
Pro-p-groups are Fp-points of prounipotent affine group schemes defined over
the field Fp. Indeed, consider the complete group algebra FpG = lim←−
Fp[Gα ] of a
pro-p-groupG= lim
←−
Gα , where Gα are finite p-groups. Each group algebra Fp[Gα ]
is obviously a cocommutative Hopf algebra over the field Fp. Then the dual Hopf
algebra Fp[Gα ]
∗ [23, 3] is a finitely generated commutative Hopf algebra, and there-
fore it defines certain affine algebraic group scheme. Let G be the functor of group
like elements of a Hopf algebra. Note that [38, Proposition 18]
Gα = GFp[Gα ]∼= HomAlgFp (Fp[Gα ]
∗,Fp),
where HomAlgFp (Fp[Gα ]
∗, ) is the functor from the category of commutative Fp-
algebras with unit to the category of sets which assigns to each commutative Fp- al-
gebra A with unit the set HomAlgFp (Fp[Gα ]
∗,A) of homomorphisms φ : Fp[Gα ]
∗→
A of commutative Fp-algebras with unit. But
G∼= GFpG∼= lim←−
GFp[Gα ]∼= lim←−
HomAlgFp (Fp[Gα ]
∗,Fp)∼=HomAlgFp (Fp[G]
∗,Fp).
It remains to note, that the Kolchin theorem [39, Theorem 8.2] (since the action
of a finite p-group on a Fp-vector space of a finite dimension always has a fixed
point) implies unipotency.
1.3 QR-presentations and their schematization
For discrete groups, p≥ 2 will run over all primes, and for pro-p-groups p is fixed.
Let G be a (pro-p)group with a finite type (pro-p)presentation (1), R= R/[R,R] be
the corresponding relation module, where [R,R] is the commutant, and the action of
G is induced by conjugation of F on R. For each prime number p ≥ 2 denote by
∆p the augmentation ideal of the ring FpG. In the pro-p-case, by ∆
n we understand
the closure of the module generated by n-th powers of elements from ∆ = ∆p, and
in the discrete case it is the n-th power of the ideal ∆p [28]. The properties of this
filtration in the pro-p-case are exposed in [9, 7.4]; in the discrete case, the properties
of the Zassenhaus filtration are similar [28, Ch. 11], the difference is in the use of
the usual group ring instead of the completed one.
Denote by Mn,n ∈ N its Zassenhaus p-filtration in F with coefficients in the
field Fp, defined by the rule Mn,p = { f ∈ F | f − 1 ∈ ∆
n
p}. We shall denote these
filtrations simply by Mn, omitting p, since its choice will be always clear from the
context. Let us introduce the notation Z(p) for Z in the case of discrete groups and
for Zp in the case of pro-p-groups.
6 A.M. Mikhovich
Definition 2. We shall call presentation (1) quasirational (QR- presentation) if one
of the following three equivalent conditions holds:
(i) for each n> 0 and for each prime p≥ 2, the F/RMn-module R/[R,RMn]
has no p-torsion (p is fixed for pro-p-groups and runs over all prime num-
bers p ≥ 2 and the corresponding Zassenhaus p-filtrations in the discrete
case).
(ii) the quotient module of coinvariants RG = RF = R/[R,F] is torsion free.
(iii) H2(G,Z(p)) is torsion free.
Proof of equivalence of conditions (i) - (iii) is contained in [25, Proposition 4]
and [24, Proposition 1]. QR- presentations are curious in particular by the fact that
they contain aspherical presentations of discrete groups and their subpresentations,
and also pro-p-presentations of pro-p-groupswith one relation. For the sake of com-
pleteness we present the proof of quasirationality for one-relator pro-p-groups. Let
start with elementary lemma.
Lemma 1. Let G be a finite p-group, which acts on a finite abelian group M of
exponent p. Then the factor module of coinvariantsMG =M/(g−1)M is nontrivial,
where (g− 1)M - submodule of M, generated by elements of the form (g− 1)m,
g ∈ G,m ∈M.
Proof. We proceed by induction on rank n of abelian group M. If n = 1, then M =
Z/pZ is the trivial G-module, since (| Aut(Z/pZ) |, p) = (| Z/(p− 1)Z |, p) = 1,
thereforeMG =M 6= 0.
Let n = k, then submodule of elements fixed by G in M must be nontriv-
ial and contains M0 = Z/pZ with the trivial action of G. Denote M1 = M/M0
and let ψ : M → M1 be the corresponding factorization homomorphism. Since
ψ((g− 1)M) = (g− 1)M1, ψ induces epimorphism MG ։ (M1)G. But (M1)G 6= 0
by induction hypothesis, thereforeMG 6= 0.
Proposition 1. A pro-p-presentation (1) of a pro-p-group G with one relator r is
quasirational.
Proof. First note, that R = (r)F has a basis I converging to 1, which consist of
elements f , where r= f−1r f , f ∈F and contain r. Then elements of the form gr,g=
f =pi( f )∈G, where we denote r the image of r in R turn out to be a basis convergent
to 0 in R.
Now we prove that R/[R,RF]∼= Zp is a topological normal closure of the image
of r. Indeed, since the map of I into one point is continuous and R is free as abelian
pro-p-group, then there exists τ : R/[R,R]։ Zp - an epimorphism of pro-p-groups
which sends the basis 〈gr,g ∈ G〉 of R into the element τ(r) = ψ(1), where ψ :
ZpG→ R/[R,RF] be the map of taking coinvariants.
ZpG
φ //
ψ
!!❇
❇❇
❇❇
❇❇
❇
R
τ
  ✁✁
✁✁
✁✁
✁✁
Zp
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The composition of τ and φ equals ψ as a homomorphism of free Abelian pro-
p-groups. Since φ is epi, then τ must be G-module homomorphism. Indeed, finite
sums a = ∑i∈I a
gi
i r generate the dense subgroup in R, and therefore the identities
τ(g · a) = g · τ(a) imply that τ is a module homomorphism (for profinite modules
one should know the action on finite factors):
∑
i∈I
ai = τ(a) = g · τ(a) = τ(g ·a) = τ(g ·∑
i∈I
ai ·
gi r) = τ(∑
i∈I
ai ·
g·gi r) =
= commutativity of the diagram= ψ(∑
i∈I
ai(g ·gi) = ∑
i∈I
ai
Since im(τ) is generated by the image of r and the action is trivial, then
R/[R,F] ∼= 〈τ(r)〉 ∼= Zp. This follows from Lemma 1 and dimFp(R/R
p[R,F ]) = 1
for one relator pro-p-groups. Actually, suppose Rn = R/[R,RMn] has torsion, then
Rn ∼=Mtors⊕MZp , where Mtors be a torsion subgroup,MZp be the free Zp-module.
Mtors andMZp are Zp[Gn]-submodules, whereGn = F/MnR. Considermod(p) fac-
tor Rn, then Rn/pRn (as Fp[G/MnR]-module) has the decomposition Rn/pRn =
Mtors/pMtors⊕MZp/pMZp andMtors 6= 0. ThereforeMtors/pMtors 6= 0 and has expo-
nent equals to p as Abelian group. We have the finite p-group Gn which acts on ex-
ponent p Abelian group and hence by Lemma 1 (Mtors/pMtors)G 6= 0. (MZp)G =Zp
and by [34, 4.3] dimFp((MZp/pMZp)G⊕ (Mtors/pMtors)G) = dimFp(R/R
p[R,F]) =
1, since we have dimFp((MZp/pMZp)G) = 1 then dimFp(R/R
p[R,F]≥ 2 and there-
fore a contradiction.
Definition 3. [10, A.2.] Let us fix a group G (with pro-p- topology). Define the
(continuous) prounipotent completion of G as the following universal diagram, in
which ρ is a (continuous) Zariski dense homomorphism from G to the group of
Qp-points of a prounipotent affine group G
∧
w:
G∧w(Qp)
τ

G
ρ 88rrrrrrr
χ &&▼▼
▼▼
▼▼
▼
H(Qp)
We require that for each continuous and Zariski dense homomorphism χ there exist
a unique homomorphism τ of prounipotent groups, making the diagram commuta-
tive.
If we consider a finitely generated free group F(X), then, as it is easy to see, its
prounipotent completion possesses the universal properties inherent to a free object,
and by analogy with the discrete or pro-p cases, we shall call such prounipotent
group free and denote it by Fu(X). Interesting relations between completions in the
positive and zero characteristics are obtained in [29].
8 A.M. Mikhovich
In simplicial group theory, by analogy with gluing two-dimensional cells, it is
convenient to identify presentation (1) with the second step of construction of free
simplicial (pro-p)resolution F• of a (pro-p)group G by the “pas-a`-pas” method go-
ing back to Andre [1]:
//
//// F(X ∪Y )
d0 //
d1 //
F(X)
s0oo
// G, (2)
here d0,d1,s0 for x ∈ X ,y ∈Y,ry ∈ R are defined by the identities d0(x) = x,d0(y) =
1,d1(x) = x,d1(y) = ry,s0(x) = x.
Recall [23] that (2) is a free finite type simplicial (pro-p) group, degenerate in
dimensions greater than two. If the pro-p- presentation (1) is minimal, then
|Y |= dimFpH
2(G,Fp), |X |= dimFpH
1(G,Fp).
Let us assign to a finite type simplicial presentation (2) a presentation of prounipo-
tent groups as follows (this construction will be called below by the schematiza-
tion of a presentation). First, consider the corresponding diagram of group rings
kF(X ∪Y )
d0 //
d1 //
kF(X)
s0oo
. Then we obtain from (2), taking into account finite gen-
eration of groups, using the I-adic completion, the following diagram of complete
linearly compact Hopf algebras:
k̂F(X ∪Y )
d0 //
d1 //
k̂F(X)
s0oo
,
where k̂F(X) = lim
←−
kF(X)/In, I is the augmentation ideal in kF(X). Applying Pon-
tryagin duality and antiequivalence of the categories of commutative Hopf algebras
and affine group schemes, we obtain the diagram of free prounipotent groups
Fu(X ∪Y )
d0 //
d1 //
Fu(X)
s0oo
.
Definition 4. Let us say that we are given a finite type presentation of a prounipotent
groupGu if there exist finite sets X andY such thatGu is included into the following
diagram of free prounipotent groups:
Fu(X ∪Y )
d0 //
d1 //
Fu(X)
s0oo
// Gu , (3)
in which the identities similar to (2) and Gu ∼= Fu(X)/d1(kerd0) hold.
Denote Ru = d1(kerd0), this is a normal subgroup in Fu(X), and hence we obtain
the analog of the notion of presentation (1) for a prounipotent group Gu, to which
we shall refer also, for uniformity, as to a presentation of type (1).
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By analogy with the discrete and pro-p cases, the set of rational points of
the relation module Ru(Qp) = Ru/[Ru,Ru](Qp)∼= Ru(Qp)/[Ru(Qp),Ru(Qp)] of the
prounipotent presentation (3) is endowed with a structure of O(Gu)
∗- module [23,
Proposition 3].
QR-presentations can be studied by passing to the rationalized completionR⊗̂Qp=
lim
←−n
R/[R,RMn]⊗Qp. It turns out [23, Lemma 2] that the topological Qp-vector
space R⊗̂Qp is identified with R∧w(Qp) (where R
∧
w is the quotient group of R
∧
w by
the commutant), and one can define on it the structure of topological G- module
[23, Definition 10], where G is the pro-p-group given by the pro-p-presentation (1).
Moreover, these modules can be included into the exact sequence related with the
prounipotent module of relations [23, Theorem 1].
1.4 Relation modules of prounipotent groups
The celebrated Lyndon Identity theorem states that the relation modules of a discrete
group with one defining relation is induced from a cyclic subgroup. That is, let (1)
be a presentation of a group with one relation, then
R= R/[R,R]∼= Z⊗〈u〉ZG,
where R= (um)F and u is not a nontrivial power, 〈u〉 - the cyclic subgroup generated
by u.
Presentations of pro-p-groupswith one relation such that theirmod(p)module of
relations R/pR= R/Rp[R,R] is induced, R/Rp[R,R]∼= Fp⊗〈u〉FpG, are (of course)
permutational in the sense of the paper [22] (see also [24, Definition 4]), i. e. R/pR=
R/Rp[R,R] ∼= Fp(T, t0), where (T, t0) is a profinite G-space with a marked point.
O. V. Melnikov shows [22, Theorem 3.2] that relation modules of aspherical pro-
p-groups with one defining relation are induced from cyclic subgroups, as in the
Lyndon Identity theorem.
In [35, 10.2] J.-P. Serre asks: “Let r ∈ F p[F,F], and let Gr = F/(r)F . Can one
extend to Gr the results proved by Lyndon in the discrete case?”
We see that this question (in the modern settings of [22]) is equivalent to the
following one: “Is it true that relation modules of pro-p-groups with one defining
relation are permutational?”
If the answer to this question were true, then each pro-p-group with one relator,
such that in its presentation (1) the normal subgroup R= (r)F is not generated by a
p-the power, would have, by [22, Theorem 3.2], cohomological dimension 2.
Shift of dimension enables one to calculate cohomology of a pro-p- group H as
invariants of certain modules. From the viewpoint of the category of representations,
in order to look similar to a group with elements of finite order, it suffices for the
elements of the group H to act as elements of finite order, although these elements
can be actually not of finite order. Using multiplication of the defining relator r= yp
in the free pro-p-group by elements ζ p of special kind, in the next Subsection we
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shall obtain the defining relations yp · ζ p, which act on finite dimensional modules
of arbitrarily high given dimension exactly as the initial relation r, but are not p-th
powers themselves. This observation is in favor of the assumption that pro-p-groups
with one relator, which are not generated by a p-the power, in contrast to the discrete
case, can have cohomological dimension greater than 2.
Nevertheless, we can construct, as in 1.3, schematization of a pro-p- presentation
(3) (for details see [23, 3.3]). For such prounipotent presentation we shall prove the
following prounipotent analog of Lyndon’s result, which can be interpreted as an
answer to Serre’s question [35, 10.2]. We need the following definition [23].
Definition 5. Let A be a complete linearly compact Hopf algebra over a field k (the
field is considered with discrete topology). By a left (or right) complete topological
A-module we shall call a linearly compact topological k- vector space M with a
structure of A-module such that the corresponding k-linear action A⊗̂M → M is
continuous. We assume that the topology on M is given by a fundamental system
of neighborhoods of zero M = M0 ⊇ M1 ⊇ M2 ⊇ . . . , where M j are topological
A-submodules in M of finite codimension (finiteness of type) and M ∼= lim←−
M/M j .
By a homomorphism of topological A-modules one calls a continuous A- module
homomorphism. If the filtration M j admits a compression such that for each j the
compression quotients M
ji
i /M
( j+1)i
i+1 are trivial A- modules (i. e. the action of A is
trivial), then we shall call such topological A-module prounipotent.
In what follows, prounipotent topological modules will take its origin from a
prounipotent group acting by conjugations on its normal subgroup. And we use the
coinvariant filtration, that is Zariski closure M j = (g− 1)M, where g ∈ Ck(G) and
we denoted by Ck(G) the lower central series filtration of a prounipotent group G
and A= O(G)∗ (see [23, p.11]).
Theorem 1 (Identity theorem for pro-p-groups). Let G be a pro-p-group with
one defining relation given by a finite presentation (1) in the category of pro-p-
groups. Then one has the isomorphism of prounipotent topologicalO(Gu)
∗-modules
Ru(Qp)∼= O(Gu)
∗, where the prounipotent groups Gu and Ru are obtained from the
schematization of the initial pro-p-presentation.
The analogy with the celebrated Lyndon Identity theorem comes from the fact
that Gu(Qp) generates O(Gu)
∗ as the topological vector space and therefore should
be considered as a permutational basis of Ru(Qp). We can always identify Gu with
the continuousQp-prounipotent completion of G [23, (4)]. This result (Theorem 1)
has been announced in [26, Corollary 12] and used in [23, Proposition 3, Corollary
3] for proof of the criterion of cohomological dimension equal to 2, providing a
relation with the known group theory results (see [14, 32, 37, 8] and other papers
cited there). Let us recall the results of [23, Proposition 3, Corollary 3], since they
shed light on the following Serre’s question from [35].
Let Gr = F/(r)F , where (r)F is the normal closure of r ∈ F
p[F,F ] in a free pro-
p-group F of finite rank, then J.-P. Serre asks: “Can it be true that cd(Gr) = 2, if
only Gr is torsion free (and r 6= 1)?”
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By the well known Malcev theorem, a finitely generated discrete nilpotent group
without torsion is embedded [38, 4] into its rational prounipotent completion. For
Fp-prounipotent groups, whose instances are pro-p-groups, it would be too opti-
mistic to hope for a similar statement, however we have
Proposition 2. [23, Proposition 3] Let G be a finitely generated pro-p-group given
by presentation (1) with one defining relation r 6= 1, and assume that the natural
homomorphism from G to the group of Qp-points G
∧
w(Qp) of its prounipotent com-
pletion is an embedding, then cd(G) = 2.
Let us say that a pro-p-group G is p-regular if for any finite quotient G/Mn(G)
there exists a nilpotent quotient G/V without torsion such that V ⊂Mn(G). Let us
also say that a pro-p-group G has a p-regular filtration V = (Vn,n ∈ N) if for any
finite quotient G/Mk(G) there exists m(k) ∈ N such that Vm(k) ⊂ Mk(G) and the
quotients of this filtration are torsion free.
Proposition 3. [23, Corollary 3] Let G be a p-regular pro-p-group with one rela-
tion, then cd(G) = 2. In particular, if G has a p-regular filtrationV , then cd(G) = 2.
1.5 Tannaka duality and conjurings.
Let ω : Repk(G)→Veck be the erasing functor from the category of representations
of an affine group scheme G to the category of vector spaces. Then by definition
elements of Aut⊗(ω)(A), for any k-algebra A, are families (λX),X ∈ ob(Repk(G)),
where (λX) are A-linear automorphisms of A-modules X⊗A such that
(i) λX⊗Y = λX ⊗λY .
(ii) λ1 = idA.
(iii) λY ◦ (α⊗ 1) = (α ⊗ 1)◦λX for any G-equivariant k-linear maps α : X → Y .
The Tannaka duality establishes [5, Proposition 2.8] the isomorphism of functors
G→ Aut⊗(ω) on the category of k-algebras. Thus, an affine group scheme can be
reconstructed from its category of representations, and hence the properties of an
affine group scheme are determined by its representations.
Pro-p-groups are Fp-points of prounipotentFp-group schemes (1.2). Our conjec-
ture states that among pro-p-groupsGwith one relator, which are not embedded into
their prounipotent completions, there are those which are torsion free but cd(G)> 2.
It turns out that one can hide torsion of relations without changing the behavior of
any unipotent representation F → GLn(Qp) and F → GLn(Fp) for arbitrarily large
fixed n ∈N. To be more precise, one has the following
Theorem 2. Let r = wp
l
be an element of the free pro-p-group F = Fp(d) of the
rank d ≥ 2 which is a pl-th power and fix n ∈ N. Then there exist elements zn ∈ F
(“conjurings”) with the following properties:
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a) for any unipotent representations φ : F → GLn(Qp) and ψ : F → GLn(Fp),
one has φ(zn) = 1,ψ(zn) = 1.
b) r · z
p
n is not a p-th power.
In Subsection 4 we give, following the ideas of [19], construction of the Magid
identities for free prounipotent groups over arbitrary zero characteristics fields and
prove the Theorem 2. In the presented article only the construction of conjurings is
described, we plan to return to applications in subsequent works.
2 Cohomology and presentations
Cohomology theory of prounipotent groups over the algebraically closed field k
has been developed by A. Lubotzky and A. Magid [17], when k has zero char-
acteristics. This theory closely parallels that of the cohomology of pro-p-groups
[34, I,4]: the free prounipotent groups turn out to be those of cohomological di-
mension ones, the dimension of the first and second cohomology groups give num-
bers of generators and defining relations. In addition, authors have proved that one-
relator prounipotent groups turn out to have cohomological dimension two, similar
to discrete one-relator groups those have not a power elements as defining rela-
tions. Schematization leads to prounipotent groups over not algebraically closed
fields (k = Qp in our case) and hence we want to develop a similar theory. As was
rigorously pointed out the author by Richard Hain, nothing new in this case can
happen. Indeed, let k be a non algebraically closed field of zero characteristics with
algebraic closure k and consider unipotent group Gk over k. We already know that
G(k) ∼= kα for some α ∈ N and [39, 4.1] imply that the closure Gk of Gk in k
α
is just k
α
. It turns out that O(Gk)
∼= O(Gk)⊗k k and [13, Proposition 4.18] imply
that H∗(Gk,k)
∼= H∗(Gk,k)⊗k k. Below we introduce necessary notions for defin-
ing Hochschild cohomology groups of affine group schemes in the modern setting
[13]. In the case of algebraically closed field they coincide [13, p. 28] with the ones
defined in [17].
2.1 Modules and cohomology
Let G be an affine group scheme, and let Rep(G) be the corresponding category
of G-modules [13, I,2.7,2.8], identified using the Yoneda lemma with the category
of O(G)-comodules [13, I,2.8]. Each G-moduleM is representable as the inductive
limit of its finite dimensional submodules [13, I,2.13(1)]. Recall, following [13,
I,2.2], that the notion of module is functorial. To this end, let us define for each
finite dimensional k-vector spaceM certain k-group functorMa by the ruleMa(A) =
(M⊗A,+) for all k-algebras A. In our case, namely when k is a field, and dimension
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of M is finite, Ma is representable by the symmetric algebra of the dual k-module
M∗, which we denote by S(M∗), then O(Ma) = S(M
∗) [27, 3.6].
Denote by Mor(G,Ma) the k-space of natural transformations of functors. On
Mor(G,Ma) one has left regular action of G, given by the formula (x · fR)(g) =
fR(gx), where g ∈ G(R), fR ∈ Mor(G(R),Ma(R)),x ∈ G(R). Let us introduce also
right regular action, given by the formula fR · x = fR(xg). If M = ka is the additive
group of the field k [27, 3.1], then Map(G,ka) = O(G) is the coordinate ring of
the affine group scheme G [27, 2.15]. For constructing injective envelopes we shall
need the notion of induced module. Thus, let H be a subgroup of the affine group
scheme G. For each H-moduleM define the induced moduleM ↑GH as follows:
M ↑GH= { f ∈Mor(G,Ma) | f (gh) = h
−1 f (g),∀g ∈G(A),h ∈H(A),A ∈ Algk},
where G acts regularly on the left. In [13, I,3.3], using the identification M ↑GH
∼=
(M⊗O(G))H , M⊗O(G) is endowed with a structure of (G×H)−module, where
the action of H on M is given, and the action on O(G) is through the right regular
representation;G acts onMa trivially and on O(G) from the left through the left reg-
ular representation; one takes the tensor product of representations, and it is shown
thatM ↑GH is indeed a G−module.
For arbitrary k-moduleM, let εM :M⊗O(G)→M be a linear map εM = idM⊗εG.
Proposition 4 (Frobenius reciprocity). [13, I,3.4] Let H be a closed subgroup of
an affine group scheme G and M be an H-module.
a) εM :M ↑
G
H→M is a homomorphism of H-modules
b) For each G−module N the map ϕ 7→ εM ◦ϕ defines an isomorphism
HomG(N,M ↑
G
H)
∼= HomH(N ↓
G
H ,M).
Proposition 5 (Tensor identity). [13, I, 3.6] Let H be a closed subgroup of an
affine group scheme G and M be an H-module. If N is a G-module, then there is a
canonical isomorphism of G-modules
(M⊗N ↓GH) ↑
G
H
∼=M ↑GH ⊗N.
Following [13, I, 3.7], let us emphasize some useful corollaries from the propo-
sitions given above. Assume that H = 1, thenM ↑G1=M⊗O(G), for any k-module
M, and in particular k ↑G1= O(G).
Combining the latter identity with the Frobenius reciprocity b) we obtain, for
each G-moduleM,
HomG(M,O(G)) ∼=M
∗.
If we put M = ka in the tensor identity, then for each G-module N we obtain the
remarkable isomorphism
N⊗O(G)∼= N ↑G1= Ntr⊗O(G),
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given by the formula x⊗ f 7→ (1⊗ f ) · (idN ⊗σG)◦∆N(x), where we have denoted
by Ntr the k-module N with the trivial action of G, and σG is the antipode in O(G).
We shall needMG, the submodule of fixed points of a G-moduleM:
MG = {m ∈M | g(m⊗ 1) = m⊗ 1,∀g ∈G(A),A ∈ Algk}.
If in the definition we take g= idO(G) ∈ G(O(G)), then we obtain
MG = {m ∈M | ∆M(m) = m⊗ 1}.
Consider the regular representation of an affine group scheme G :
∆ : O(G)→ O(G)⊗O(G).
If H is a closed subgroup of G, then O(H) = O(G)/IH , where IH is the Hopf ideal
defining the subgroup H, whence we obtain the k-linear map
µ : O(G)→O(G)⊗O(H)
which defines the structure of a right H-module on the algebra O(G).
Since the category of G-modules is Abelian [13, I, 2.9] and since, due to [13,
I, 3.9], it contains enough injective objects, one can define cohomology groups
Hn(G,M) of an affine group scheme G with coefficients in a G-module M as the
n-th derived functors of the fixed points functor ()G computed forM. Note the pos-
sibility of computingHn(G,M) by means of the Hochschild complexC∗(G,M) [13,
I, 4.14].
Cohomologywell behaveswith respect to limits. Let us represent the affine group
scheme G as G ∼= lim←−
Gα , where Gα are affine algebraic group schemes. Since
O(G)∼= lim−→
O(Gα) and since each G-moduleV can be represented as a direct limit
of finite dimensional G-submodulesVβ [39, Theorem 3.3], then (V ⊗O(G)
⊗n)G ∼=
lim
−→
(Vβ ⊗O(Gα)
⊗n)Gα . Homology commutes with direct limits, hence
Hn(G,V )∼= lim−→
Hn(Gα ,Vβ ).
Note that pro-p-groups can be considered as Fp-points of prounipotent groups over
the field Fp (for constructing the Fp-Hopf algebra it suffices to consider the decom-
position of the Fp-group ring of a pro-p-group into the projective limit of the group
rings of finite p-groups, consider the dual Hopf algebras, and take their inductive
limit), then cohomology of pro-p-groups in the sense of [31, 6.6] coincides with
the cohomology of the corresponding affine group schemes (this identification may
be deduced from [13, 4.4] and Pontryagin duality [31, Proposition 6.3.6]).
Proposition 6. [17, 1.10] Let
1→H → K→ G→ 1
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be an exact sequence of affine group schemes, and let M be a G-module. Then there
exists a spectral sequence with the initial term E
p,q
2 =H
p(G,Hq(H,N)), converging
to H p+q(K,M).
In the case the affine group scheme G is prounipotent, there is a more precise
description of injective modules.
Proposition 7. [17, 1.11] Let G be a prounipotent group, and let V be a G-module.
Then VG⊗O(G) is an injective G-module containing V . Each injective G-module
containing V contains a copy of VG⊗O(G).
Due to the previous statement we can define the injective envelope of aG-module
V by the formula E0(V ) = V
G⊗O(G). Put E−1(V ) = V , and let d−1 : E−1(V )→
E0(V ) be the corresponding inclusion.
Proposition 8. [17, 1.12] Let G be a prounipotent group and V be a G-module.
Define the minimal resolution Ei(V ) and di : Ei(V )→ Ei+1(V ) inductively,
Ei+1(V ) = E0(
Ei(V )
di−1(V ))
) di = Ei(V )→
Ei(V )
di−1(Ei−1(V ))
→ Ei+1.
Then {Ei(V ),di} is an injective resolution of V and H
i(G,V ) = Ei(V )
G.
We shall say that an affine group scheme G has cohomological dimension n
and write cd(G) = n, if for any G-module V and for each i > n,H i(G,V ) = 0 and
Hn(G,V ) 6= 0. If G is prounipotent, then cd(G)≤ n if and only if Hn+1(G,ka) = 0,
since ka is the only simple G-module.
Proposition 9. [17, 1.14] Let G be a prounipotent group and H be a subgroup. For
any H-module V there is an isomorphism Hn(G,V ↑GH)
∼= Hn(H,V ) for all n ∈ N.
In particular, cd(H)≤ cd(G).
Since the following statement is important for the succeeding exposition and for
demonstration how Pontryagin duality helps one to transfer arguments from [17]
into our situation, let us give this statement with a full proof. Denote by Hom(G,ka)
the set of affine group scheme homomorphisms from G to ka. Let V be a linearly
compact topological vector space, then by V∨ = Homcts(V,k) we denote the set of
continuous (in the linearly compact topology) maps of vector spaces from V to k.
We also note that for any Abelian unipotent group G over a zero characteristics
field k one has G(k) ∼= kn for some n ∈ N. Hence G(k) could be considered as a
n-dimensional vector space over k. Consequently G(k) has a structure of pro-finite
dimensional (linearly compact) topological vector space over k.
Proposition 10. [17, 1.16] Let G be a prounipotent group, then:
1) H1(G,ka)∼= Hom(G,ka);
2) if G is Abelian, then G(k)∨ = Homcts(G(k),k) ∼= Hom(G,ka).
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Proof. 1) Proposition 7 shows that the beginning of the minimal injective resolution
of the trivial G-module ka (or equivalently of the trivial O(G)-comodule) has the
form ka → O(G), and hence, due to triviality of differentials on the fixed points
of the minimal resolution (Proposition 8), elements of H1(G,ka) correspond to G-
invariant modulo ka elements of O(G). The Pontryagin duality [23, 3] enables one
to consider an element a ∈ O(G) as a k-linear function a : O(G)∗ → k, continuous
in the linearly compact topology on O(G)∗. Recall that k is considered with the
discrete topology, and the regular action of G(k) on O(G) is the action on functions
by the formula (g · a)(x) = a(x · g),x ∈ O(G)∗. Then G(k)- invariance modulo ka
is written in the form g · a(x)− a(x) = const ∈ k for ∀x ∈ O(G)∗. Without loss of
generality one can normalize a putting a(1) = 0.Nowwe define the homomorphism
f : G(k)→ ka for g ∈ G(k) by the formula f (g) = g ·a(x)− a(x).
Conversely, if we are given a homomorphism of prounipotent groups f :G(k)→
ka, then it is extended by linearity to a continuous in the linearly compact topol-
ogy homomorphism of topological vector spaces f : O(G)∗ → ka. Such f is in-
variant modulo elements of the field. Indeed, (g · f )(x) = f (x · g) = f (x)+ f (g) =
f (x) mod(ka).
2) Since G is Abelian, the functorial correspondence between prounipotent
groups and pronilpotent Lie algebras gives rise to the isomorphism
Hom(G,ka)∼= HomLie(log(G(k)),k).
But commutative pro-finite dimensional Lie algebra log(G(k)) and G(k) are the
same as linearly compact topological vector spaces, hence HomLie(log(G(k),k) ∼=
Homcts(G(k),k) = G(k)
∨.
2.2 Presentations of prounipotent groups
Below let k = Qp or another field of characteristics zero, and let us identify
prounipotent groups with their groups of k-points (see Subsection 1.2).
Let Z be a set and F(Z) be the free group on the set Z. Denote by F(Z)∧u its
k-prounipotent completion and ρ : Z → F(Z)∧u be the natural embedding. Let us
construct a prounipotent group Fu(Z) equipped with an inclusion i : Z → Fu(Z),
which will be called the free prounipotent group on the set Z.
Let L be the set of all normal subgroups H E F(Z)∧u of finite codimension and
such that the set {x ∈ Z | ρ(x) /∈ H} is finite. If H1,H2 ∈L , then H1∩H2 ∈L . Let
K = ∩{H | H ∈L }, then put Fu(Z) = F(Z)
∧
u /K. The definition shows that
Fu(Z) ∼= lim←−
{
F(Z)∧u
H
| H ∈L }.
Put i : Z → Fu(Z); this is the composition of ρ with the canonical homomorphism
F(Z)∧u → Fu(Z). It is not difficult to check [17, p.83] that i is an injective map.
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Definition 6. Let Z be a set, then the prounipotent group Fu(Z) will be called the
free prounipotent group on the set Z. Using i we identify Z with a subset of Fu(Z).
Proposition 11. Let Z be a set, and G be a unipotent group. Then there is a
bijection between the homomorphisms f : Fu(Z) → G and the sets of elements
xi ∈ G :Card({i ∈ Z | xi 6= e}) < ∞, so that the homomorphisms correspond to the
sets { f (i) | i ∈ Z}.
Proposition 11 implies that the free prounipotent group Fu(Z) has the following
lifting property: let
1→ ka → E
g
−→U → 1
be an exact sequence of unipotent groups and f : Fu(Z)→U be a homomorphism,
then there exists a homomorphism h : Fu(Z)→ E : gh= f .
Proposition 12. [17, Th. 2.4] Let G be a prounipotent group, then the following
conditions are equivalent:
(a) If
1→ K→ E
g
−→ F → 1
is an exact sequence of prounipotent groups and f : G→ F is a homomorphism,
then there exists a homomorphism h : G→ E such that gh= f .
(b) If
1→ ka → E
g
−→ F → 1
is an exact sequence of prounipotent groups and f : G→ F is a homomorphism,
then there exists a homomorphism h : G→ E such that gh= f .
If a group satisfies the conditions of the previous Proposition, then we shall say
that such prounipotent group has the lifting property.
Lemma 2. [17, Prop.2.8] Let G be a prounipotent group, then there exists a free
prounipotent group Fu(Z) and an epimorphism f : Fu(Z)→ G. The data Z and f
can be chosen so that Homcts(G,ka) has the dimension equal to the cardinality of
Z. Assume that Y is a set and g : Fu(Y )→ G is an epimorphism, then Card(Y ) ≥
Card(Z) = Homcts(G,ka). If G has the lifting property then f is an isomorphism.
The lifting property described above yields the following cohomological description
of free prounipotent groups.
Lemma 3. [17, Th. 2.9] A prounipotent group G is free if and only if cd(G)6 1.
Now it is not difficult to obtain the statement used in [23, Corollarry 3].
Proposition 13. [17, Corollary 2.10] Let H be a subgroup of a free prounipotent
group G, then H is free.
Definition 7. A prounipotent group G is called finitely generated if there exists a
set of elements {g1, ...,gn} in G such that the abstract subgroup in G generated
by g1, , ...,gn is Zariski dense in G. In this case we say that {g1, ...,gn} is a set
of generators in G. If G is finitely generated, then by the rank of G we mean the
minimal cardinality of a set of generators.
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Theorem 3. A prounipotent group G is finitely generated if and only if H1(G,ka)
has finite dimension. If G is finitely generated then the rank of G equals the dimen-
sion of H1(G,ka).
Definition 8. Let G be a prounipotent group and N be its normal subgroup. Let
us say that N is finitely related (as a normal subgroup) if there exists a set of ele-
ments {g1, , ...,gn} in N such that the abstract subgroup of N generated by all G-
conjugations of gi is Zariski dense. If n is minimal then n is called the minimal
number of relators of N.
Definition 9. Let us call by a proper presentation of a prounipotent groupG an exact
sequence (1) of prounipotent groups in which F is free, and the homomorphism
H1(G,ka) → H
1(F,ka) is an isomorphism. Let us say that G is given by a finite
number of relations if there exists such a sequence in which R is finitely related as a
normal subgroup of F .
Definition 10. We shall say that a prounipotent group G has n relations if in any
proper presentation (1) the normal subgroup R is finitely related as a normal sub-
group of F , with the minimal number of relators equal to n.
Theorem 4. [17, Th. 3.11] The prounipotent group G has a finite number of re-
lations if and only if H2(G,ka) is finite dimensional. If G has a finite number of
relations and if (1) is any proper presentation of G, then R is finitely related as
a normal subgroup of F, and its minimal number of relators is the dimension of
H2(G,ka).
Proposition 14. [17, Cor. 3.13] A prounipotent group G has n relations if and only
if H2(G,ka) has dimension n.
Proposition 15. [17, Theorem 3.14] Let G be a prounipotent group, and assume
that for some n> 1, Hn(G,ka) has dimension one, then cd(G) = n.
Proof. Let Ei, i ∈ N be a minimal injective G-module resolution of ka, then Propo-
sition 8 yields H i(G,ka) ∼= E
G
i and by Proposition 7 Ei
∼= H i(G,ka)⊗O(G). In
particular, En = O(G). Since En 6= 0, then dn−1 : En−1 → En is a nonzero map. Any
nonzeroG-endomorphismofO(G) is onto, since this is true for prounipotent groups
obtained by extending scalars to the algebraic closure k [17, Theorem 5.2] and
O(Gk)
∼= O(Gk)⊗k k. Therefore dn−1 is an epimorphism, and hence En+1 = 0 and
cd(G) = n.
3 Proof of Theorem 1
Consider a proper (dimFpH
1(G,Fp) = dimFpH
1(F,Fp)) presentation (1) of a pro-
p-group G with one defining relation. A proper presentation of G can give rise to a
non-proper (Definition 9, dimQpH
1(Gu,Qp) < dimQpH
1(Fu,Qp),) presentation of
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the prounipotent group Gu = Fu(X)/Ru, where Ru = (r)Fu(X) is the Zariski closure
of the normal subgroup abstractly generated by the element r. Non-properness of
the presentation is equivalent to the statement that the element r is a generator of
the free prounipotent group Fu = Fu(X)(Qp) (here we have identified the prounipo-
tent group Fu(X) with its group of Qp-points, which is correct by the arguments
from Subsection 1.2). But Theorem 3 (see also [17, p. 85–86]) implies that this is
equivalent to non-triviality of the image φ(r) of the relation r ∈ Fp ⊂ Fu under the
homomorphism φ : Fu → Fu/[Fu,Fu].
Proof (of Theorem 1).
1) Consider the degenerate case. Without loss of generality we can assume that
the prounipotent presentation has the following form:
1→ Ru = (z)Fu(X∪{z}) → Fu(X ∪{z})
d0−→ Fu(X)→ 1,
where X is the free basis of Fu. Consider the 2-reduced simplicial group
Fu(X ∪{z})
d0 //
d1 //
Fu(X)
s0oo
// Gu ∼= Fu(X),
here d0,d1,s0 are defined on x ∈ X ,z by the identities: d0(x) = x,d0(z) = 1,d1(x) =
x,d1(z) = 1,s0(x) = x.
It is clear that Ru ∼= kerd0,Fu(X ∪{z}) ∼= kerd0⋋Fu(X). Finally, we can apply
the arguments from [23, Proposition 2], showing that (kerd0,Fu(X),d1|kerd0 = 1) is
a free prounipotent pre-crossed module. It remains to note that kerd1 = kerd0, and
henceCu = kerd0/[kerd0,kerd0kerd1] = kerd0/[kerd0,kerd0]∼= Ru. It remains to use
[23, Corollary 3], which implies the required isomorphism of topological O(Gu)
∗-
modulesCu(Qp)∼= O(Gu)
∗.
2) Now consider the case in which the pro-p-presentation (2) yields a proper
prounipotent presentation (3) of the prounipotent group Gu. Now r ∈ Fp ⊂ Fu :=
Fu(X)(Qp) is not a generator in Fu. Let us perform the proof by a series of reduc-
tions.
First, note that the proof of isomorphism of left topological O(Gu)
∗-modules
Ru(Qp) ∼= O(Gu)
∗, by Pontryagin duality [23, 3], is equivalent to the proof of the
isomorphism of O(Gu)-comodules Homcts(Ru(Qp),k)∼= O(Gu).
Proposition 10 states that there is an isomorphism of left O(Gu)-comodules
H1(Ru,ka)∼= Hom(Ru,ka)∼= Homcts(log(Ru(Qp)),k) = Ru(Qp)
∨.
Thus, we need to prove the isomorphism of left O(Gu)-comodules H
1(Ru,ka) ∼=
O(Gu).
Let us study the minimal injective O(Gu)- resolution of the trivial left O(Gu)-
comodule ka. Proposition 8 implies that since the cohomological dimension of Fu
equals one (Lemma 3), then the minimal O(Fu)- resolution of ka will have the form
0→ ka → O(Fu)→O(Fu)
dimkH
1(Fu,ka) → 0.
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[13, I, Proposition 4.12, Proposition 3.3] implies that we can consider this reso-
lution as an injective resolution consisting of left O(Ru)- comodules. Applying the
functor of Ru-fixed points, we obtain an exact sequence (since Ru-fixed points of
O(Fu) coincide with O(Gu) [39, 16.3])
0→ ka →O(Gu)→O(Gu)
dimkH
1(Fu,ka) → H1(Ru,ka)→ 0.
Taking into account that the presentation is proper, in small dimensions the Grothendieck
spectral sequence (Proposition 6) is written in the form
1→H1(Gu,ka)→ H
1(Fu,ka)→ H
1(Ru,ka)
F →H2(Gu,ka)→H
2(Fu,ka) = 1,
which yields an isomorphism H1(Ru,ka)
G ∼= H2(Gu,ka). Hence, Proposition 7
shows that the injective envelope of H1(Ru,ka) coincides with O(Gu)
dimkH
2(Gu,ka).
Now, considering the composition of the mapO(Gu)
dimkH
1(Gu,ka)→H1(Ru,ka)with
the inclusion of H1(Ru,ka) into its injective envelope, we obtain the beginning of
the minimal injective O(Gu)-resolution
0→ ka →O(Gu)→O(Gu)
dimkH
1(Gu,ka) →O(Gu)
H2(Gu,ka)
of the trivial comodule ka. In particular, one has an isomorphism of left O(Gu)- co-
modulesH1(Ru,ka)∼= im{O(Gu)
dimkH
1(Gu,ka)→O(Gu)
H2(Gu,ka)}. Therefore condi-
tions a) H1(Ru,ka) is G-injective and b) cd(Gu) = 2 are equivalent.
It remains to prove that a prounipotent group given by a proper presentation with
one relation has cohomological dimension equal to two, but this is a particular case
of Proposition 7, since Proposition 14 implies the equality dimkH
2(Gu,ka) = 1.
4 Identities in free pro-p-groups
Definition 11. By an admissible ring of coefficients one calls a commutative com-
plete local k-algebra R without divisors of zero and with the maximal ideal m= mR
such that R/m= k and l = dimk(m/m
2)< ∞.
Note that the decomposition R= lim
←−
R/mi enables one to consider
GLn(R) = lim←−
GLn(R/m
i)
as the projective limit of linear algebraic groups GLn(R/m
i), and hence as a k-
affine group scheme [39]. One has the Levi decomposition GLn(R/m
i) ∼= (I +
Mn(m/m
i))⋋GLn(k) into the semidirect product of the linear algebraic (reductive)
group GLn(k) and the unipotent group I+Mn(m/m
i).
Let Ki = ker{GLn(R)→GLn(R/m
i)}, then Ki ∼= I+Mn(m
i) and
K1/Ki ∼= I+Mn(m/m
i)∼= ker{GLn(R/m
i)→ GLn(k)}.
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Since I+Mn(m/m
i) are unipotent linear algebraic groups, then K1 ∼= lim←−
(K1/Ki) is
a prounipotent group, and in particular one has the Levi decomposition GLn(R) =
K1⋋GLn(k).
Definition 12. Let R be an admissible ring of coefficients, then by an R- admissible
representation of a prounipotent groupU one calls a homomorphism of affine group
schemes ρ :U → GLn(R).
Let ρ : U → GLn(R) ∼= K1 ⋋GLn(k)) be an admissible representation. Then
ρ−1K1 is a closed normal prounipotent subgroup of U of finite codimension, such
that the quotient group U˜ =U/ρ−1K1 has a faithful representation in GLn(k). Since
U is unipotent, this means that its image is conjugate to a subgroup consisting of up-
per triangular matrices, henceU has the rank no more than n. Therefore, an (n+1)-
multiple commutator from U belongs to ρ−1K1, and hence from the viewpoint of
identities the study of representations into K1 and intoGLn(R) are equivalent. Hence
below in the existence questions of identities we shall restrict ourselves by represen-
tations into K1.
Definition 13. By an identity of d ≥ 2 variables with values in a prounipotent group
G one calls an element u of the free prounipotent group F = F(x1, ...,xd) with d
generators, which lies in the kernel of any homomorphism f : F →G. The set of all
identities of d variables with values in G forms a closed normal subgroup I(d,G)
in F . The set of identities of d variables with values in a set of prounipotent groups
G = Gα is the normal prounipotent subgroup I(d,G ) = ∩G I(d,Gα) in F . If G =
{GLn(R) | R is admissible}, then I(d,G ) is called the group of identities in n× n
matrices, which is denoted I(d,n). If G = {I+Mn(mR) | R is admissible}, then
we say that this is the group of restricted identities for n× n matrices, denoted by
Ir(d,n).
Definition 14. Let d≥ 2 and n be natural numbers. The prounipotent groupUG(n,d)
of d, n× n general matrices is the closed subgroup in I+Mn(mS) generated by
Xp,16 p6 d, where S= k[[x
(p)
i j |16 i, j 6 n,16 p6 d]] is the ring of formal power
series of dn2 commuting variables, and Xp = I+(x
(p)
i j ).
There is a natural homomorphism F(x1, ...,xd)→UG(n,d) given on generators
by the rule xi 7→ Xi, whose kernel contains I
r(d,n). In [19] one proved the following
Proposition, which is an analog of earlier results of Amitsur (see for example [7,
Proposition 19] and further references there).
Proposition 16. The natural homomorphism F(x1, ...,xd)→UG(n,d) induces the
isomorphism of prounipotent groups F(x1, ...,xd)/I
r(d,n)→UG(n,d).
The following Theorem on non-triviality of identities will be needed below for
constructing conjurings. Recall that in free discrete groups there are no identities,
they are linear.
Proposition 17. [19] If d,n> 2, then Ir(d,n) 6= {e}.
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4.1 Proof of Theorem 2
Proof. Since GLn(Fp) is a finite group, the set M(n,d) of homomorphisms ψ :
Fp(d)→ GLn(Fp) is also finite. Then M(n,d) = ∩ψ∈M(n,d)kerψ is a normal sub-
group of finite index in the free pro-p-group Fp(d), and any element g ∈M(n,d) is
an identity, in the sense that in any n-dimensional representation of the pro-p-group
Fp(d) over the field Fp the action of g is trivial.
In free prounipotent groups there are identities (Proposition 17). Also Ir(d,n)⊳
Fu(d) := Fu(d)(Qp) can be described (Proposition 16) as the kernel of the homo-
morphism γn onto GU(n,d). Denote by γ˜n the restriction of γn to the Zariski dense
free pro-p-subgroup Fp(d)⊆ Fu(d).
Ir(d,n) // Fu(d)
γn // GU(n,d)
Z(d,n)
 ?
OO
// Fp(d)
 ?
OO
γ˜n // GU p(n,d)
 ?
OO
Assume the contrary, i. e. that ker(γ˜n) = 1, then γ˜n is an isomorphism. It is clear that
any central filtration W˜ in Fu induces a central filtrationW on Fp(d). On the other
hand, by [10, Lemma 7.5] one has the isomorphism of graded quotients, where
˜˜
W = γn(W˜ ) is a central filtration in GU(n,d):
GrW˜m Fu(d)
∼= GrWm Fp(d)⊗Zp Qp
∼= GrŴmGU
p(n,d)⊗Zp Qp
∼= Gr
˜˜
W
mGU(n,d).
Thus, γn provides an isomorphism of graded quotients Gr
W˜
m Fu(d)
∼= Gr
˜˜
W
mGU(n,d),
hence ker(γn) = 1 (∩W˜n = 1). But this is not so by Proposition 17 (I
r(d,n) 6= 1).
Therefore Z(d,n) 6= 1 and sinceM(n,d) has a finite index in Fp(d), then Z (d,n) =
Z(d,n)∩M(n,d) 6= 1. Let us call nontrivial elements of Z (d,n) by conjurings.
Assume that r = wp
l
. Since d ≥ 2, for any r one can choose an conjuring zn ∈
Z (d,n), not lying in the centralizer of wp
l
(since Ir(d,n)⊳Fu(d) and since d ≥ 2,
it is not cyclic, hence non-Abelian, and therefore for any r ∈ Fu there exists an
conjuring zn ∈ Z(d,n), not lying in the centralizer of r (zn /∈ Z(r)). Now the “Fermat
equality”
wp
l
· zpn = u
p
leads to a contradiction. Indeed, according to the pro-p-analog of the Lyndon–
Schu¨tzenberger theorem [21, Theorem1], the rank of the free pro-p-subgroupgener-
ated by 〈wp
l−1
,zn,u〉 equals one, and hence zn and w
pn commute, which contradicts
to the choice of zn, and therefore w
pl · zpn is not a p-th power.
Property b) follows by construction of zn, since zn ∈Z (d,n).
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